This paper looks at the linkages between growth and business cycles by bringing together two strands of literature. We incorporate a quality ladders engine of growth into an otherwise standard real business cycle model.
Introduction
Dynamic general equilibrium models have proved to be valuable tools for examining both economic growth and fluctuations. One class of these models -the Schumpeterian or "quality ladders" models -focuses on explaining observed smooth growth trends. Segerstrom, Anant & Dinopoulos (1990) , Grossman & Helpman (1991) , and Aghion & Howitt (1992) Schumpeterian models have the advantages that they are rigorously based in microeconomic theory and have a great deal of intuitive appeal. In this literature, growth is driven endogenously by attempts to innovate and climb up the quality ladder to capture a stream of monopoly profits.
Attention is normally focused on the steady state, where growth is smooth over time due to a large number of independent, but identical innovators each targeting a unique good. Growth for any given good, proceeds in a lumpy fashion with discrete jumps in quality occurring randomly over time, but the law of large numbers leads to smooth aggregate growth.
A second class of models focuses on explaining the behavior of economic aggregates over the course of the business cycle. Usually referred to as real business cycle (RBC) models, early work began with seminal papers by Kydland & Prescott (1982) and Long & Plosser (1983) . Again, numerous papers have extended this literature to the examination of aggregate labor behavior, monopolistic competition, monetary aggregates, and various other topics. 2 The RBC methodology generally involves building a general equilibrium model, with changes in productivity (and, more recently, other economic fundamentals) driving aggregate behavior.
These models are capable of generating artificial data that mimic observed business cycles. Unlike 1 For an extensive overview of this literature see Grossman and Helpman (1991) and Aghion and Howitt (1998) .
the Schumpeterian literature, attention is focused on the off-steady-state high-frequency behavior of aggregate economic variables.
In practice, RBC models are typically transformed into a stationary variant and solved numerically to yield stationary laws of motion for endogenous variables as functions of endogenous states and exogenous driving processes. A stationary model economy is then simulated and evaluated by comparing properties of data drawn from the model with data drawn from actual economies. Since the focus of RBC models is on high-frequency fluctuations and not on economic growth, the growth component is usually ignored. However, in order to compare the artificial economy with real world data it is necessary to remove the growth component from the real world data; i.e. to detrend it. While many business cycle stylized facts are invariant to the filter used, there are some important facts that are not 3 .
Generally in RBC models, the source of shocks is an exogenously imposed sequence of large and volatile productivity shocks. A common specification of such shocks is a simple AR(1), and there is little or no economic theory involved in the specification of the driving process. Moreover, there is increasing skepticism that technology shocks, measured by Solow residuals, are a major source of business cycle fluctuations. As King and Rebelo (1998) point out "A key difficulty is that typical estimates of Solow residuals imply a probability of technical regress on the order of 40%, which seems implausible to most economists."
This paper integrates the two branches of literature identified above: the RBC literature, which focuses on detrended, high frequency fluctuations; and the Schumpeterian literature, which focuses on low-frequency growth trends. The objective is to construct a dynamic general equilibrium model with an endogenous driving process for business cycles derived from microeconomic primitives, and with high-and low-frequency movements in economic aggregates that mimic those observed in the U.S. economy.
The endogenous growth component of the model is included in simulations, which create artificial data. Properties of the artificial data are then compared to like properties of their real data counterparts to evaluate the model's performance. 4 An important feature of the model is that growth and cyclical properties of data stem from a common source -endogenous innovations to technology. Technical regress is not necessary for business cycle fluctuations in the model. Rather, the endogenous movements of resources between goods production and technological advancement gives rise to cyclical fluctuations, as well as lower frequency movements in key macroeconomic variables. In principle, the model does not require large and variable technology shocks that imply high likelihoods of technical regress to explain business cycles. Rather, endogenous improvements in technology and the diffusion of the improvements into production of final goods can help explain both growth and cycles.
Methodology
Our methodology is as follows. We incorporate features of the Schumpeterian growth literature into a real business cycle model of the macroeconomy. We interpret what are usually called increases in quality in the Schumpeterian literature as increases in productivity, and we keep the quality of goods constant over time. If a small number of industries are assumed, this gives rise to aggregate growth in technology that is "lumpy" and can therefore serve as a driving process for business cycles.
The model is evaluated by: linearizing agents' Euler equations, with market clearing conditions imposed; numerically solving the model for endogenous variables as functions of endogenous states and exogenous shocks; simulating the model to generate sequences of macroeconomic aggregates; comparing properties of data generated by the model with properties of data drawn from the U.S. economy at both high-and low-frequencies. 4 Note that since growth is endogenous in the model, the choice of which particular detrending method to use is less critical than in a protoypical RBC model.
There are two sources of shocks in the model. One (denoted A) is a sequence of random draws to determine success or failure of potential innovators who invest resources in basic research and development (R&D) to influence their success probabilities. In aggregate the size of this shock goes to zero as the number of independent industries assumed is increased. A second source of shocks (denoted z) is innovations to labor productivity governed by a process typically used in RBC models. This set-up has the advantage of nesting both the pure RBC model and the Schumpeterian model as special cases. To examine the dynamics of the RBC model we can set the number of intermediate goods to a very large number (like 1,000,000) and virtually all fluctuations will come from the exogenous shocks. Similarly, we can set the variance of the exogenous shocks to zero and the number of industries to a small number to examine the dynamics of the pure Schumpeterian case.
A Comparison with Other Dynamic Schumpeterian Models
Our approach is related to recent papers by Andolfatto & MacDonald (1998) , Collard (1999 ), Freeman, Hong & Peled (1999 , and Ozlu (1996) which also focus on dynamic implications of endogenous growth models. There is also an expanding literature on "Schumpeterian waves", which looks at the behavior of the economy in response to large but infrequent movements in basic technology. Early work by Cheng & Dinopoulos (1992 & 1996 looked at these longer-run fluctuations. Aghion & Howitt (1998) Ozlu essentially provide a model of an endogenous mechanism for the propagation of exogenous technology shocks, we model both propagation of shocks and the shocks themselves. That is, we present a model that accounts for how shocks to technology arise, as well as how they may be propagated and diffused through time.
Closer to the spirit of our analysis is the work by Andolfatto & MacDonald, and by Freeman,
Hong & Peled. The latter set of authors construct a model of large and costly technological changes which give rise to deterministic cycles and long run growth. Their economy requires a sufficiently large amount of capital, diverted from consumption and physical investment, for birth of a technological innovation. Then, when an innovation occurs, capital is more highly valued in physical investment than in R&D investment. Consequently, resources flow away from R&D and toward final goods production. As the marginal product of capital using existing technology fades through time, resources subsequently flow back toward consumption and the production of R&D innovations.
These flows of capital give rise to endogenous movements in consumption and investment patterns within each fixed-length innovation cycle. Our analysis similarly accounts for endogenous movements in key macroeconomic variables within innovation cycles, but also explicitly models innovation cycles of random durations. 6 In addition, when exploring quantitative predictions of our model relative to quantitative properties of actual data, we explicitly consider movements in key 6 Another difference between our model and the one constructed by Freeman, Hong, and Peled is that our model considers labor, rather than capital, as the input to the R&D process. We include only labor to simplify the analysis but are free to enter capital into the R&D process as well. 
A Dynamic General Equilibrium Schumpeterian Model
In this section, insights of the Schumpeterian or "quality ladders" growth models are incorporated into a discrete-time stochastic general equilibrium model of the real business cycle tradition. Since it is well known that the equilibrium from Schumpeterian growth models is socially suboptimal, we proceed to examine the competitive equilibrium. First, we examine the behavior of households, then that of production firms, and finally the behavior of research firms. Imposing aggregate resource constraints and market clearing conditions closes the model. 7
The model contains households, production firms, and research firms. Each infinitely lived household is endowed with one unit of labor each period supplied to firms at wage wt. Households also accumulate physical capital, K, over time, which they rent to firms each period at rental rate rt.
In addition to physical capital, households buy and sell equity shares in two types of existing firmsproduction and research firms-in I different intermediate industries. These shares influence the household's budget by generating dividends and capital gains or losses. There is also a final goods sector, which we assume is perfectly competitive and generates no profits. For simplicity, we abstract from buying and selling of these firms' equities 8 .
In each period there is a single production firm in each intermediate industry with an exclusive right to a particular level of production technology, Ai, that is some factor θ >1 better than the closest competitor. This production firm enjoys monopoly power and earns monopoly rents during the current period, and possibly many future periods, until a firm with even better technology replaces it. The production firms hire labor and rent capital to produce intermediate goods, and pay out profits as dividends to shareholders each period. Final goods are produced by combining intermediate goods.
There also exists a single new research firm for each intermediate industry, which incorporates with the intent of displacing the current production firm in its role of monopolist. The research firm issues equity shares and uses the proceeds to hire units of labor to attempt an innovation. If successful, the research firm discovers a technology that is a factor θ better than the current production firm and begins production as the monopolist next period. If unsuccessful, the firm ceases to exist and its equity shares become worthless. We account for successes and failures 7 A listing of notation and variables used in the model is contained in Table 1 There is also an aggregate random shock to productivity in the model, unrelated to any of the Ai's which we denoted z. This exogenous shock is to the productivity of labor in the intermediate goods producing firms' production functions. We include such shocks to allow for shocks to productivity unrelated to actual movements in technology, such as oil price shocks, changes in marginal tax rates, changes in government regulation of production processes, or similar nontechnology shocks. This shock to productivity, assumed to be common to all I intermediate good producers, is of the form used in standard RBC models. One of our interests will be the extent to which, by allowing for random innovations in R&D, the model does not require productivity shocks that are as persistent and volatile as those typically employed in RBC models to explain business cycle fluctuations.
The timing of information, shocks, and activities in the economy is as follows. Agents begin a period with capital stock K knowing research and shock realizations A 10 , and z. At the beginning of the period, factor and equity markets open and clear. Firms rent capital from households, and real rental rate r is determined. Firms also hire labor from households, and a real wage w is determined.
Research firms issue shares, and prices of those shares, q R (also a vector), are determined, and production firms issue shares, and their prices, q P , are determined. Following input and funding acquisitions, production of goods and research occurs and the research results and random shocks A', 9 We adopt the notation convention that variables without a prime denote current period values and variables with a prime denote next-period values. Additionally, bold letters are used to denote i-dimensional vectors of variables.
and z′ are revealed. Subsequently, at the end of the period, factor payments w and rK are made, production-firm profits π are distributed to shareholders, next period's capital stock K' is chosen, and consumption occurs. We now turn to decisions made by the household, production firms, and research firms.
The Household's Problem
A representative household enters a period with capital K carried over from the previous period and a normalized unit labor endowment. 11 The household also owns stocks of equity shares in last period's production and research firms, denoted by share vectors P and R. The household knows the following: the current levels of technology, A, to be employed by this period's production firms, the current random productivity shock, z, and whether last period's research firms succeeded or failed, the vector S. Taking prices r, w, q P , q R , and the probabilities of success by the current research firms, ρ, as given, the household chooses new stocks of equities P' and R' to carry over to next period.
After production is completed and next period's values for technology, A', and z', are revealed, the household chooses a level of capital, K', to carry into next period. Consumption then occurs according to the household's choices and budget constraint.
The value function for the household is thus:
where:
is an information set, and E is the expectation operator given information available at the beginning of the period. ρ The envelope conditions from the household's problem consist of I conditions each for the shares i P and i R , and a condition for capital stock K given, respectively, by: 
Combining envelope and Euler equations gives the following 2I+1 system of equations:
where expectation operator } y | x { E denotes the expectation of x given all the information available at the beginning of the period, plus additional information revealed after the beginning of the period that is contained in y.
The laws of motion governing each industry's applied technology level Ai, applied research success index Si, exogenous technology shock z, and basic technology level Bi, known to the household, are:
The endogenous choices and random shocks governing the applied R&D success probabilities i ρ are discussed in detail below when the R&D firms' choice problems are discussed. The z shocks are the productivity shocks discussed earlier. 
Production of Final Goods

Production of Intermediate Goods
The production firm produces output using a Cobb-Douglas production function with two sources of productivity variation, both of which are assumed to be labor augmenting:
Productivity variations come from productivity shocks, z, along with the endogenous growth shocks i A .
The monopolistic production firm faces a downward sloping demand curve defined by (2.8).
However, there is a potential competitor that places limits on the price the monopolist will charge.
The previous producer of the good has access to a technology that is 1/θ as productive as the current firm's. The current firm will never charge a price that exceeds its marginal cost by more than a factor of α θ − 1 . To do so would be to surrender production to the previous producer. It can easily be shown that the marginal cost for the current firm is:
Similarly, the marginal cost for its closest competitor is:
Hence, the optimal price for the firm is to charge a multiplicative markup of Substituting these values into (2.9) and (2.6), the production of final goods can be written as an aggregate production function of the form: q as fixed, the firm chooses the amount of labor to hire by solving:
is the reward for a successful innovation, and ρ ι is the probability of success.
The reward for success consists of the expected present value of the stream of profits given that a success occurs, which happens with probability i ρ . Appendix 1 shows that this reward can be written as:
where is d is a discount factor defined in the appendix. The right side of equation (2.14) is simply the discounted sum of all future profits in the industry, with discounting inclusive of time and probabilities of loss of the profit stream in future periods.
We model the research firm as hiring labor inputs that are used to produce research tries. In the limit, with a continuous measure for the tries, the probability of success comes from a Poisson distribution. As shown in Lambson and Phillips (1999) , this gives the following functional form for an industry's applied R&D success probability:
where κ is the "ease" of doing research. For the sake of tractability we are assuming that all industries have the same level of ease of R&D, i.e. that there is no advantage or disadvantage to doing R&D in an industry that is higher or lower on the quality ladder than the average.
In a symmetric equilibrium, arising when all firms have the same probability function for i ρ , the reward for success in (2.14) will be the same for all firms. All firms then face an identical problem. The solution to the problem is for the firm to hire the amount of labor it can afford, given the constraint from equity sales. Consequently, 
Market-Clearing Conditions
In addition to the Euler equations from the household and firms' problems, market clearing conditions must be satisfied. Clearing of the labor and capital markets requires:
and clearing of equity markets requires:
With these conditions, Walras' law ensures goods market clearing.
3.
The Transformed Model
The model economy experiences growth in consumption and output per household due to the increases in A over time. It will be convenient to work with a transformed model where the endogenous variables are all stationary. Since transformations to induce stationarity are commonly used, we delegate details to Appendix 2 and hereafter consider a transformed version of the model.
Variables growing at the same rate as A are transformed with division by A , and the transformed variables will be denoted with a caret so that, for example,
The transformed law of motion for A is: 
Substituting (2.16), (2.18) and (2.19) into the household's budget constraint and taking expectations gives:
The additional transformed equations from firms' decisions are:
Equations (3.1) -(3.12) define the dynamic model that we solve, parameterize, and simulate.
Because the highly nonlinear nature of the system makes closed form solutions intractable, we consider a linear approximation of the system about its steady state.
Calibration and Simulation
We solve the system using the method of undetermined coefficients developed in Christiano (1990). Because we approximate about the model's steady state, we first need to solve for the steady state. The parameters and their values are listed in table 2. There are six parameters which define the steady state: α, β, γ, δ, κ, and θ. For consistency with existing RBC-model parameterizations, we set capital's share in output, α, to .3, the quarterly discount factor, β, to.995, and the quarterly depreciation rate, δ, to .02. We also set the autocorrelation coefficient on the z shocks, ψ , to .95.
θ, the jump up the technology ladder, is set to 1.04877, a value which sets the variance of A innovations to the variance of z innovations needed to drive a pure RBC version of our model. κ and γ are chosen to exactly fix two steady state values, the average quarterly growth rate of real output, and the user cost of capital, r-δ. We set average quarterly real growth equal to .00834, and r-δ to .0062, or 2.5% per annum, by setting κ and γ equal the appropriate values. 14 Given the parameter values we have assigned, the steady state probability of success in applied R&D is ρ =.056, which we take to be an empirically plausible and conservative value.
The standard deviation of technology shocks is set at .0184, similar to the value used in most RBC analyses. For example, using data from the U.S. economy in the post Bretton Woods era, Schlagenhauf and Wrase (1995) use a value of .014. Our objective is to see how the model, with substantially less reliance on auto-correlated productivity shocks than standard RBC models, 14 To see how γ is chosen, consider the steady state version of equation (3.6):
Note that it is necessary to pick a value of β sufficiently large if we are to generate positive values for γ. performs in accounting for business cycle fluctuations observed in key macroeconomic variables.
Given the parameter values we use the standard deviation of the innovations to R&D in (3.1) is .0184 when I=1. We are not, however, simply assuming the variability of the R&D innovations. The variability of innovations to the evolution of A in (3.1) depends on the probability of success in R&D.
In turn, the success probability depends endogenously on labor choices made by R&D firms and households in the model. We cannot simply choose the standard deviation of innovations in applied R&D without restriction. One restriction is that the probability of success in the model must be an empirically plausible value.
Note that the model generates a series of growth rates. We can use these to construct a series for the level of technology, the A's, and then convert all the stationary, caret-bearing, variables to their non-stationary counterparts. Hence, simulation of the model generates data with both cyclical and growth components.
The model was simulated 1000 times using a sample of 200 observations, corresponding to 50 years of data. We filter both actual data drawn from the U.S. economy and model-generated data using two filters: the Hodrick-Prescott (HP) filter; and, to consider movements of variables at other than simply business cycle frequencies, a band-pass filter. We then compute statistical properties of the data, and compare properties of model-generated data with like properties of actual data. We focus on standard RBC measures of variability, cyclicality, and persistence, but consider more than the business cycle frequencies that are the sole focus of RBC analyses.
5.
Quantitative Results Table 3 presents business cycle moments summarizing behaviors of key macroeconomic aggregates for the U.S. economy over a sample period 1947:I to 2002:IV. 15 We define output as real GDP, consumption as real consumption of services and non-durables, and investment as real investment in non-residential structures and equipment. As is well known, and as revealed in the table, investment is close much more variable than output, with variability measured by standard deviations. Consumption has only three-quarters the variability of output. In addition, output is highly serially correlated, consumption is highly correlated with output contemporaneously and at one to two period leads and lags, and investment is not strongly correlated with output contemporaneously or at leads and lags.
The purpose of this paper is not necessarily to match all of these business cycle facts. While it would certainly be desirable to do so, our primary question is how well a model with endogenized shocks from a Schumpeterian framework performs relative to standard exogenous shock models. It is well-known that simple versions of such models cannot replicate all business cycle facts and require additional modeling details. With the exception of the endogenous R&D process, our model is quite basic and lacks many features needed to conform to measured movements. To answer our fundamental question, therefore, we proceed to solve and simulate several different versions of our model and compare them.
The first model we simulate is a simple RBC model with no R&D process and a fixed supply of labor. Here there is only one source of shocks. In all other respects we treat the model exactly as the one outlined above. We assume a fixed rate of growth for A, rather than a stochastic one, for example, and add this trend into the simulated model when creating artificial data series. These series are then detrended using the same filters as with such simple models. The volatility of consumption is too high, and the volatility of investment is too low. The auto-correlations of output over time are not too different from the US data, but the correlations of consumption and investment with leads and lags of output are very poor matches regardless of the filtering method used. We also report measures of business cycle asymmetry, since the shocks from the A process have the potential of being highly skewed, especially in our parameterization of the model. We use Sichel's (1993) measures of deepness and steepness, which are the skewness of the series and the skewness of its first-difference, respectively. In this case, of course, the shocks are not skewed, since the innovations to z are normally distributed, and with a few exceptions, the deepness and steepness measures are not significantly different from the US measures.
There are two sources of aggregate fluctuations in our model: an aggregate effect working through technology in each sector that will be non-zero if there are a small number of sectors, A, and other shocks to productivity which could proxy for a variety of things, z. Our next attempt is to see how well a model driven only by the Schumpeterian source of shocks does in fitting the US moments.
The results of this model, where we set I to the extreme value of one, and σ equal to zero, are presented in table 5. As that table shows, the fit is considerably worse than the simple exogenous shock model. The volatility of consumption is ridiculously high for all filtering methods. In addition, the model matches the business cycle asymmetries only for very low frequency movements. In terms of other moments it does no better than the exogenous shock case. We conclude that our model as presently setup is not any an improvement in terms of its ability to match business cycle moments.
We next consider a version of our model driven entirely by exogenous shocks. This is not the same as the model in table 4, however, since our model allows for these exogenous shocks to influence the allocation of labor or production and R&D. There is an additional transmission mechanism that is missing in the first case. The results of setting I equal to 1 million and σ to the same value as table 4, are reported in table 6. The only substantive difference this model yields is a drop in the volatility of investment at all frequencies. Since investment volatility is already too small, this is not an encouraging development.
Finally, we consider a version of the model where shocks come from both sources. We set I to ten and σ to .0175. In terms of the volatility, the exogenous shocks are by far the most important source of variation., but the contribution of endogenous shocks is still nontrivial. These results are in table 7. Consumption volatility is still too high, and higher than the first model. Investment volatility is too low and lower than the first model. This model does just as well in terms of asymmetries, and slightly better in terms of matching correlations with leads and lags of output.
But the overall fit is not overwhelmingly better or worse.
In order to formalize our comparison of moments across we compute measures of the percentage deviations of the models moments from the US data moments. We report both the root mean squared deviation (RMSD), and the mean absolute deviations (MAD) for two sets of moments.
The first set of moments is the volatility of output, the relative volatility of consumption, the relative volatility of investment, and the contemporaneous correlations of consumption and investment with output. These are reported in the top panel of table 8. As can be seen the simple exogenous shock model with no R&D is clearly the best fitting model. The version of our model with only exogenous shocks fits almost as well. The two shock model is a bit worse and the model with only Schumpeterian shocks has a very bad fit.
If we use all the reported moments we get the values in the bottom panel. Here the results are identical to the first table when the HP-filter is used. Surprisingly, the results are different if one uses the band pass filter. In this case the two-shock version fits best, the exogenous shock version with R&D is generally second best, and the no-R&D model is third best. The Schumpeterian shocks only model is fourth, though it is not bad in relative terms as in the top panel.
Conclusions
In this paper, we are trying to discover if the process of creative destruction used in Schumpeterian models of growth is a reasonable source for the technology shocks used to drive business cycles, particularly in the context of RBC models. We conclude that the process alone is not appropriate. In our simple model with no labor-leisure choice and no diffusion mechanism for these technology shocks, we find that in order to generate realistic volatilities for output we also generate highly counterfactual volatilities of consumption and investment, and that we fail to match observed business cycle asymmetries.
We also show that versions of our model which rely heavily on exogenous symmetric shocks fail to match consumption and investment movements any better than an equivalent RBC model with no Schumpeterian mechanism.
On the other hand, we do find that when we consider correlations of consumption and investment with output leads and lags, our model matches moments better than the simple RBC model, at least when a band pass filtering method is used.
As a result we conclude that further exploration of the potential contribution of Schumpeterian shocks to business cycle and other aggregate fluctuations is worth considering.
While this model cannot fit the US moments as well as many RBC models, it is likely that this failure can be attributed in large part, to the lack of sophistication in modeling the nonSchumpeterian aspects of the model. In particular, we do not have any sort of labor-leisure decision in our model. Allowing for this type of substitution would go a long way in dampening the volatility of consumption our model generates. In addition, our model does not incorporate any sort of R&D spillovers or technological diffusion of innovations across sectors. These may well be important and will undoubtedly change the aggregate behavior of output, investment & consumption.
Because of this lack of diffusion we are forced to drive changes in aggregate output by assuming a small number of intermediate goods sectors. It may be more profitable to build a model with a large number of intermediate sectors generating approximately smooth growth, and consider innovations which affect all industries equally as coming from some other source. In earlier related work, we were able to generate more realistic models when we allowed for movements in basic research to be distinct from movements in applied research, for example. Table 1 Definition β time discount factor; β<1. γ CES parameter from momentary utility function; γ>0. δ rate of depreciation; δ>0. θ growth factor for Ai when Si=1; θ>1. κ sensitivity of ρ to R&D inputs; κ>0. ψ autocorrelation parameter for z. σ Table 2 Values In order to induce stationarity, we take all the variables which grow at the same rate as A in the previous section and divide them by A. This gives the following stationary variables:
The transformed law of motion for A can be written: Substituting (2.18) and (2.19) into the household's budget constraint, and transforming variables, gives:
, with expected consumption when the household makes its share decisions given by:
